Abstract. This paper examines the following question: Suppose that we have a reaction-diffusion equation or system such that some solutions which are homogeneous in space blow up in finite time. Is it possible to inhibit the occurrence of blow-up as a consequence of imposing Dirichlet boundary conditions, or of other effects where diffusion plays a role? We give examples of equations and systems where the answer is affirmative.
1. Introduction. One of the most remarkable properties that distinguish nonlinear evolution problems from the linear ones is the possibility of eventual occurrence of singularities starting from perfectly smooth data, or more accurately, from classes of data for which a theory of existence, uniqueness and continuous dependence can be established for small time intervals. The simplest form of spontaneous singularities in nonlinear problems appears when the variable or variables tend to infinity as time approaches a certain finite limit T > 0. This is what we call blow-up in finite time.
Blow-up happens in an elementary form in the theory of ordinary differential equations (ODE's). The typical ODE for blow-up is
In the linear case p = 1, solutions exist globally in time. On the contrary, if p > 1 all solutions with positive initial data blow up in finite time. We see that the nonlinearity plays an important role in the appearance of blow-up. We can be more precise in that respect: let us consider the solutions of the ordinary differential equation
where f (s) is a positive function defined for s ≥ a. The solutions of the ODE with initial data U (0) ≥ a are given by
Therefore, these solutions blow up to infinity in a finite time if and only if
The phenomenon of blow-up has been much studied in a space-time setting where u = u(x, t) and a diffusion effect is added to the reaction term f (U ). One may think that the diffusivity should have a stabilizing effect. It is the purpose of this paper to show that diffusion can even prevent blow-up for certain equations and also for systems. On the other hand, it is well known that diffusion can sometimes induce blow-up for systems, see [3] , [4] , [7] , for instance.
2. Statement of results. We start our investigation with the typical scalar reaction-diffusion equation:
and assume that f : [0, ∞) → [0, ∞) is smooth and f (u) > 0 for u > 0. We also assume that f satisfies the ODE blow-up condition (3) . Notice that the solutions of (4) that are space-homogeneous, i.e., only functions of time, are just the solutions of (2) . We wonder what effect may the diffusion term have on classes of non-homogeneous solutions, u = u(x, t). If the equation is equipped with the Neumann boundary condition
where n is the outer normal vector of ∂Ω, the maximum principle tells us that solutions also blow up in finite time.
The situation is different for the problem posed in a bounded domain with homogeneous Dirichlet boundary data. We propose to investigate the following type of question: 
also blow up in finite time. Several situations may arise, showing how strongly diffusion plus the homogeneous Dirichlet boundary condition affect blow-up. Classes of f 's for which one of the two first options holds are easy to construct. Option 1 holds if for instance f (u) ≥ λ 1 (Ω)u + u p with p > 1 where λ 1 (Ω) is the first eigenvalue of −∆ with the zero Dirichlet boundary condition. This can be seen using Kaplan's eigenfunction method. Linearization around zero yields that Option 2 is true if lim sup u→0 f (u)/u < λ 1 (Ω).
On the contrary, the existence of reaction terms f for which the last option holds has been an open problem. Here, we actually construct examples of f for which all solutions stay bounded in time and stabilize to bounded stationary states.
Theorem 1. There is a smooth function
with bounded initial data and homogeneous boundary conditions (6) , then all solutions exist and remain bounded for all t ≥ 0. Moreover, the same result is true even for the solutions of equation (4) satisfying nonzero boundary data,
This means that linear diffusion with the Dirichlet boundary condition can completely prevent blow-up of solutions with bounded data in some reaction-diffusion models. In the case of nonlinear diffusion, this is well known, see [6] , Chapter VII, for example. Our main point here is to show that linear diffusion is strong enough to stop blow-up.
The idea of the construction of function f for Theorem 1 is to start with a typical blow-up function satisfying (3), like f 0 (u) = cu p , with c > 0, p > 1, and then modifying it in an infinite number of intervals I n = (a n , b n ) with a n < b n < a n+1 , a n → ∞, so that the obtained f will be small enough in subintervals of I n in order to serve as a buffer for the possible growth of the solutions of the Cauchy-Dirichlet problem. However, the modification has to be positive and (3) must still hold, and these simultaneous requirements make the construction quite delicate. The main argument used in the control of the growth of the solutions of the Cauchy-Dirichlet problem is the strong maximum principle. Comparison with the supersolutions we construct does not apply to solutions which are homogeneous in space, like the ODE solutions, and this explains the difference of behaviour that we were looking for.
As a possible precedent to this result, we may consider the work of Galaktionov and Vazquez [1] which investigates the conditions for so-called complete and incomplete blow-up for the more general reaction-diffusion equation
posed in the whole line x ∈ R with t ≥ 0; φ is continuous and increasing and f is continuous and positive. There is a result that gives some light on the question that we are discussing. Indeed, in Section 3 of paper [1] a class of pairs (φ, f ) is found for which (i) f satisfies the ODE blow-up condition (3), but (ii) there exists a travelling wave U (x, t) = F (x − ct) such that F (s) is a monotone decreasing function of the argument s ∈ R and F (−∞) = +∞, F (+∞) = 0. An easy comparison argument shows then that all solutions of the Dirichlet problem u t = ∆φ(u)+f (u), posed in a bounded domain Ω with bounded initial data and zero boundary condition, are global and cannot blow up in finite time. The construction of such pairs is rather delicate, and they were called the 'pathological class' in the paper.
There are two main differences that make this result less appealing than Theorem 1. On one hand, it is not excluded that the solutions grow up, i.e., that they become unbounded as t → ∞. On the other hand, the conditions on φ and f exclude linear diffusion, see Appendix in [1] .
We have the following extension of Theorem 1 to the Cauchy problem in R N . 
Theorem 2. For every p > 1 there is a smooth function f
The conclusion is weaker than in Theorem 1 since we do not claim that all solutions remain bounded. As in [1] , we use travelling waves to construct suitable supersolutions.
Next, we consider the two-component system:
Mizoguchi, Ninomiya and Yanagida [3] found nonlinear functions such that the corresponding system of ordinary differential equations:
possesses a globally stable equilibrium (0, 0) while some solutions of (7) with the homogeneous Neumann boundary condition blow up in a finite time (see also [4, 7] ).
Here we present nonlinear functions f and g such that some solutions of (8) blow up in a finite time, while all solutions of (7) with the Dirichlet boundary condition
converge to (0, 0) in
There is a solution of (8) with
which blows up in finite time if p > 1. However, all solutions of (7), (9) with the same nonlinear term (10) exist globally in time, stay uniformly bounded and converge to (0, 0) in
where λ 1 (Ω) is the first eigenvalue of −∆ with the Dirichlet boundary condition.
In the proof of this theorem we use a method which is completely different from the idea described before. Instead of constructing supersolutions, we employ a Lyapunov functional associated with problem (7), (9) to control the solutions.
We prove Theorems 1, 2 and 3 in Sections 3, 4 and 5, respectively.
3. Proof of Theorem 1. To prove Theorem 1 we shall use the following lemma.
Lemma 1. Given λ > 0 and an increasing sequence {a n } such that a 1 > 1, lim n→∞ a n = ∞, there are a smooth function f : [0, ∞) → [0, ∞) with f (u) > 0 for u > 0, and a sequence {b n } such that a n < b n < a n+1 , n = 1, 2, . . . ,
where
Proof. Take any
Choose four sequences {α n } ⊂ (0, 1), {b n }, {c n } and {d n } (a n < b n < c n < a n+1 ) specified later (see (18) - (20)). Then, we construct an auxiliary function g by modifying the function g on the intervals on [a n , b n ] and [b n , c n ] in the following way (see Figure 1 )
With this modification, we have
and
Let
We choose d n ∈ (0, 1/2) small enough so that
We now choose the sequences {β n }, {α n }, {b n } and {c n }. Firstly, we take a positive sequence {β n } such that
We also define
By (16) and the fact that d n < 1/2 ≤ g(s)/2 for s ≥ 1, we can choose c n so close to b n that
Then, we have
Thus, (12) and (13) are satisfied for g. Take a smooth function f such that
We can easily check (12). Since
we have
by integrating the second inequality in (21) over [b n , u] . This guarantees that f also satisfies (13).
The existence of supersolutions immediately follows from the previous lemma.
Lemma 2. Let f be as in Lemma 1. Then there is a solution u n of
u nx (0) = 0, u n (x) ≥ a n for − a λ n < x < a λ n .
Proof. Since the solution of the initial value problem u nxx + f (u n ) = 0, u nx (0) = 0, u n (0) = b n , is given by
the assertion follows from (13).
Proof of Theorem 1. Assume that Ω is a bounded domain. Let u(x, t) be a solution of (4) with u(x, 0) = u 0 (x). The function u n defined in Lemma 2 becomes a supersolution for (4). For any bounded initial function u 0 (x) there is a positive integer n such that
λ n ], u 0 (x) < a n ≤ u n (x 1 ) for x ∈ Ω.
There is no problem in comparing the data on the lateral boundary. The maximum principle implies that u(x, t) ≤ u n (x 1 ) for t > 0.
